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ABSTRACT 

ftie  effect  of  substitution  in  families  of  languages,  especially  AFL,  is 
considered.  Among  the  main  results  shown  are  the  following:  Hie  substitution 
of  one  AFL  into  another  is  an  AFL.  Under  suitable  hypotheses,  the  AFL  generated 
by  the  family  obtained  from  the  substitution  of  one  family  into  another,  is  the 
family  obtained  from  the  substitution  of  the  corresponding  AFL.  A  condition  is 
given  for  the  AFL  generated  by  the  substitution  closure  of  a  family  to  be  the 
substitution  closure  of  the  AFL  generated  by  the  family. 
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SUBSTITUTION  IN  FAMILIES  OF  LANGUAGES 


INTRODUCTION 

In  an  earlier  paper  [6],  the  authors  were  led  to  consider  the  family  of 
guages  obtained  f-  —  -he  family  of  linear  uuausAL-iree  .Languages  by  ltera-oea 
substitution.  This  in  turn  suggested  to  us  a  study  of  the  substitution  of  one 
arbitrary  family  of  languages  into  another  and  is  the  subject  of  the  present 
work. 

Recently  the  notion  of  an  AFL  (abstract  family  of  languages)  was  introduced 
[3]  as  an  abstraction  of  many  of  the  formal  languages  of  concern  to  computer 
science.  In  particular,  it  was  shown  in  [3]  that  there  is  an  intimate  connec¬ 
tion  between  AFL  and  the  families  of  languages  accepted  by  families  of  one-way 
nondeterministic  acceptors.  Thus  AFL  play  a  special  role  among  arbitrary 
families  of  languages,  at  least  for  device  theory.  The  theorems  contained 
herein  are  concerned  with  the  relationship  of  AFL  and  substitution.  These 
theorems,  in  turn,  are  based  on  lesser  results  which  are  concerned  with  the 
relation  of  substitution  to  other  operations.  These  lesser  results  are  formulated 
in  terms  of  arbitrary  families  of  languages  because  (l)  many  of  them  are  interest¬ 
ing  in  their  own  right  and  may  have  other  applications,  and  (2)  they  isolate 

the  difficulty  inherent  in  the  proofs  of  the  main  results. 

* 

Research  sponsored  in  part  by  the  Air  Fcrce  Cambridge  Research  Laboratories, 
Office  of  Aerospace  Research,  USAF,  under  contract  FI962867COOO8,  and  by  the 
Air  Force  Office  of  Scientific  Research,  Office  of  Aerospace  Research,  USAF, 
under  AFOSR  Grant  No.  AF-AF0SR-1203-67. 
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The  paper  is  organized  into  four  sections.  The  first  one  is  devoted  to 
general  concepts  of  families  of  languages,  to  a  proof  that  under  a  mild  condition 
substitution  satisfies  a  kind  of  associativity,  and  to  a  formulation  of  the  AFL 
properties  in  terms  of  substitution.  Section  two  is  concerned  with  showing 
that  the  substitution  of  one  AFL  into  another  is  an  AFL.  Section  three  contains 
a  proof  that  under  suitable  hypotheses  the  AFL  generated  by  the  family  obtained 
from  the  substitution  of  one  family  into  another  is  the  family  obtained  from  the 
substitution  of  the  corresponding  AFL. 

Section  four  considers  iterated  substitution  and  the  substitution  closure 
of  one  family  with  respect  to  another.  A  special  case  is  the  substitution 
closure  of  a  family.  It  is  shown  that  the  various  substitution  closures  give 
AFL  when  applied  to  AFL,  and  a  condition  is  given  for  the  AFL  generated  by  the 
substitution  closure  of  a  family  to  be  the  substitution  closure  of  the  AFL 
generated  by  the  family.  A  condition  is  also  given  for  the  substitution  closure 
of  a  family,  not  necessarily  an  AFL,  to  be  an  AFL.  Uiis  specializes  to  the  case 
of  the  family  of  linear  context-free  languages  and  implies  that  the  substitution 
closure  of  this  family  is  a  full  AFL  (a  result  obtained  by  other  means  in  [C]). 

Section  1.  Families  of  languages 

In  this  section  we  review  some  corcepts  about  families  of  languages.  We 
also  examine  certain  methods  of  constructing  new  families  from  old,  especially 
substituting  one  family  into  another.  Finally,  we  consider  the  concept  of  an 
abstract  family  of  languages  and  reformulate  it  in  terms  of  substitution. 
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Definition.  A  family  of  languages  is  a  pair  (£,  X),  or  X  vhen  E  is  understood, 
where 

•  (l)  £  is  an  Infinite  set  of  symbols, 

,  .  * 

(2)  for  each  L  in  X  there  is  a  finite  set  £  such  that'  LC  £^, 

and  (3)  L  f-  <f>  for  some  L  in  X. 

* 

Notation.  Given  £  in  X,  E^  will  denote  the  smallest  set  £^  such  that  L  c 

Henceforth,  £  will  always  denote  a  given  infinite  set  of  symbols  and  £  with 
a  subscript  a  finite  subset  of  £.  All  symbols  given  or  constructed  will  be 
assumed  in  £. 

We  now  distinguish  some  elementary  conditions  for  families  of  languages. 
Definition.  A  family  of  languages  X  is  said  to  be 

(1)  symmetric  if  it  is  invariant  under  all  permutations  of  E. 

(2)  e-free  if  each  L  in  X  is  c-free  (i.e.,  e  is  not  in  L). 

(3)  nontrivial  if  there  is  some  L  in  X  containing  a  non-c  word* 

We  shall  be  interested  in  various  operations  on  languages  and  families 
of  languages.  We  first  present  two  operations  on  pairs  of  families. 

Notation.  Given  families  of  languages  X^  and  let 
(!)  V  *2=  (LjH  in  X^  Lg  in  Xg). 

(2)  Sub  (X^,  Xg)  be  the  family  obtained  by  substituting  languages  of  X^ 

into  languages  of  Xg,  i.e.,  the  family  of  all  sets  t(L2),  where  L2  is  in  Xg 

(2) 

and  t  is  a  substitution'  '  such  that  r(a)  is  in  X^  for  each  a  in  Ej-  . 

nr-* 

'£i  is  the  free  semigroup  with  identity  e  generated  by  £1#  i.e.,  the  set  of 
all  finite  strings  a^^  . . .  a^,  each  ai  in  £•,.  Each  element  of  £?  is  called  a  word 
of  Zj. 

( o\  *  # 

'  'Let  LS  F,  and  for  each  a  in  L  let  Lac  £  .  Let  T  be  the  function  defined  on 
£^  by  T(e)  =  U),  *r(a)  =  L&  for  each  a  in  ZL,  and  rCa^  ...  an)=  -rCa^)  ...  T(an) 
foj  each  a^  in  E^  and  tel.  Then  t  is  called  a  substitution,  t  is  extended  n 

2  ^  by  defining  t(x)  =  U  t(x)  for  all  X  c  £*. 

x  in  X  J 


1 
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As  is  evident  from  the  title,  our  interest  here  is  in  substitutions  in 
families  of  languages. 

We  next  p  -»nt  two  operations  on  a  family  of  languages. 

Notation.  For  each  family  X  le 

(1)  1  m(X)  =  (h(L)/L  x,  h  a  homomorphism' J '  on  L),  and 

(2)  Homr(£)  *  (h(L)/L  in  X,  h  a  restricted  homomorphism  on  i/^}. 

Clearly  Hom(X)  and  Hom^X)  are  monotonically  increasing  in  Z^\  and  both 

X^A  and  Sub(X^,  Xg)  are  monotonically  increasing  in  each  of  the  families 
X^  ard  Xg.  For  each  family  X,  Hom(X)  and  Hom^X)  ore  symmetric,  Horn  Hem(X)  * 
Hom(X),  and  Homr  Homr(X)  -  Homr(X).  If  X^  and  Xg  are  symmetric,  then  so  is 
X^A  Xg.  If  X^  is  symmetric,  then  so  is  Sub(X^,  Xg)  for  each  family  Xg. 

From  the  definition,  it  is  trivial  that  X^A  Xg  *  X^A  X1  and 

(X^A  Xg)A  X  -  XjA(XgA  X^) .  However,  Sub(X^,  Xg)  need  not  equal  Sub(Xg,  X1). 

and  Xg  - 

Sub(Xi,  Xg)  -  (((ab)Vo,  b  in  2^}}  /  Sub(Xg,  X^)  *  ((aV/a,  b  in  2^)}.  However, 
substitution  does  have  the  following  associative  properties: 

Preposition  1.1.  Let  X^  Xg,  end  X^  be  families  of  languages.  Hien 

(a)  Sub(Xj,  Sub(Xg,  X3))  =  SubCSubfX^  Xg),  X3). 

(b)  Sub(X^,  Sub(Xg,  X3))  =  Sub(Sub(X^,  Xg),  X3)  if  Xg  is  symmetric. 

'■^'A  mapping  h  of  21  into  2*  is  called  a  homomorphism  if  h(xy)  =  h(x)h(y)  for 
all  x  and  y  in  21*. 

(4)  1 

'  'A  homomorphism  h  on  L  is  restricted  on  T,  if  h(w)  =  c  for  w  in  L  implies  w  =  e 
and  there  Is  a  positive  integer  q,  such  that  h(v)f€  for  each  subward  w  of  length 
iq  of  each  word  in  L. 

(5) 

Hie  ordering,  of  course,  is  understood  to  be  by  family  inclusion. 


For  example,  if  X^  *  (2^) 


•a 

Lg),  where  Lg-  (a  /a  in  2Lj),  then 


« 


1 


« 


> 
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Proof,  (a)  Given  in  Zy  let  r 2  be  a  substitution  of  by  languages  of 
£g^  and  a  substitution  of  t2(L3)  by  languages  of  £^.  Then 
t1^t2^L3^  “  t^L3^  where  t1  is  the  substitution  such  that  T^a)  =  T^T^a)) 
for  each  a.  Since  T2(a)  is  in  and  is  a  substitution  by  languages  of 
£l,  T^T^a))  is  in  Sub^,  £ 2).  Therefore  t#  is  a  substitution  by  languages 
of  Sub^,  £g),  so  that  Sub(£1,  Sub(£2,  £^))  c  Su^SubU^  £g),  £^). 

(b)  Suppose  £2  is  symraetiic.  Let  be  in  £^  and  t*  a  substitution  of 
L_  by  languages  of  Sub(£.,  £„).  Then  for  each  a  in  ZL  ,  T'(a)  =  t,  (L,  ), 

J  i  C  C.J  " 

where  L_  is  in  Z  and  t,  is  a  substitution  on  ZL  by  languages  of  £, . 

2,  a  2  Lf  B.  J- 

G  . 

Since  £_  is  symmetric  and  £  is  infinite,  we  may  assume  that  ZL  0.  ZL  =0 
2  "2,  a  “2,  a' 

for  a  ^  a#.  Let  ZV  *  U  ZL  .  Then  there  exists  a  substitution  t.  of  z£  by 
4  a  l  2,  a  1 

languages  of  £^  6uch  that  T^b)  *  ft(b)  for  each  a  in  Z^  and  b  in 

t  3  2,  a 

Hence  t  (L^)  ■  t^t^L^)),  whera  t2  is  the  substitution  of  L^  by  languages  of 

X2  defined  by  T2(a)  ^  L2  a  for  each  a  111  ^L^'  1,1118  T*  ls  1x1  Svb(Z^  £ ^)). 

therefore  ^ao[Sub(£;!L,  £g),  £^]  c  Sub[£^,  SubCXg,  £3)  ],  whence  equality  by  (a). 

Remark.  The  hypothesis  in  (b)  cannot  always  be  removed  and  the  result  be  true. 

For  example,  let  Z  “(a^ial),  £ ^  {(a^/iil},  £g=  ({a^)),  and  £ ^  {{a^J/i,  J*l}. 

Then  Sub^^  £3)  =  Ua^)),  3ub(£,, Sub^g,  £3>)  **  {{a2}/iil},  Sub(£1,  £  J  -  £^  and 

SubtSubCx^,  £2),  £3  ]  -  £3>  Clearly  SubCSub^,  £g),  £3)  is  not  contained  in 

Sub(£^,  Sub(£2,  £3) ). 

Recently,  families  of  languages  with  six  additional  properties  have  been 

introduced  [3]  because  of  their  intimate  connection  with  families  of  languages 

A  substitution  t  is  a  substitution  by  languages  of  £2  if  t(b)  is  in  £? 
for  each  a. 
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of  Interest  In  computer  science.  These  families,  called  "abstract  families 
of  languages"  are  currently  under  extensive  investigation  and  the  present 
paper  may  be  viewed  as  an  addition  to  their  literature. 

Definition.  As  abstract  family  of  languages  (abbreviated  AFL)  is  a  family 

of  languages  closed  under  union,  concatenation,  +  '/ e-free  homomorphism'0  , 

inverse  homomorphism^,  and  intersection  with  regular  sets.^) 

If  h  is  a  homomorphism  from  Z,  into  Z_  then  h  ,  the  Inverse  homomorphism. 
E*  £*  A  d 

is  the  mapping  from  2  2  into  'd  defined  by  li  (A)  ■  (w/h(w)  in  A}  for  each 
* 

A  c  Z2. 


For  our  purposes  it  is  convenient  to  consider  a  reformulation  of  the 
closure  properties  of  an  AFL,  expressed  as  follows: 

Notation.  Let  ft  be  the  family  of  regular  sets  (over  Z)  and  ftQ  the  family  of 
e-free  regular  sets. 

Proposition  1.2.  A  family  X  of  languages  is  an  AFL  if  and  only  if  (l)  R  c  X, 
(2)  Sub(fto,  X)  =  X,  (3)  Sub(X,  ft0)  C  X,  (4)  IAR  c  x,  and  (5)  Hom^X)  c  X. 
Proof.  It  is  known  [3]  that  each  AFL  satisfies  all  five  of  the  conditions. 
Thus  consider  the  converse.  Assume  X  satisfies  (l)  -  (5)*  Thus  X  has  all  the 


closure  properties  of  an  AFL  except  possibly  for  closure  under  inverse  hcmcmorphi 
Suppose  X  contains  a  language  containing  e»  It  follows  from  (4)  that  X  contains 
(e)  and,  from  (l)  and  the  fact  that  X  is  closed  under  union,  that  X  contains  ft. 

m  *  +  i 

'  'For  each  set  Ac  I,  A  =  UA  . 

/g\  1^1 

'  'A  homomorphism  h  is  called  e-free  if  h(w)  =  e  implies  w  =  e. 

^If  h  is  a  homomorphism  from  Z*  into  Z^,  then  h"^,  the  inverse  homomorphism, 

is  the  mapping  from  2  into  2  defined  by  h  (A)  *  (w/h(w)  in  A}  for  each  tP Z0. 

(10)^6  family  of  regular  sets  is  the  smallest  femily  of  languages  containing  an 
the  finite  languages  and  closed  under  union,  concatenation,  and  *,  where 
A*  =  A  U(e}  for  each  A  c  £*. 
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It  then  follows  from  Theorem  k  of  [7]  that  £  is  closed  under  inverse 
homomorphism.  Suppose  £  i6  e-free.  By  an  argument  similar  to  the  one  given  in 
the  proof  of  Theorem  4  of  [7],  it  follows  that  £  is  closed  under  inverse 
homomorphism.  In  either  case,  therefore,  £  is  closed  under  inverse  homomorphism 
and  so  is  an  AFL. 


Remark.  In  the  presence  of  conditions  (2)  -  (5)>  condition  (l)  is  equivalent 
to  the  condition  that  £  is  nontrivial.  That  is,  the  only  family  £  satisfying 
(2)  -  (5)  but  not  (l)  is  the  family  £  *  {{c),  0). 

Notation.  Given  a  family  £  let  AFL(£)  be  the  smallest  AFL  containing  £. 


It  is  known  [3]  that  AFL{£)  exists  for  each  family  £. 

Corollary.  Given  a  family  £,  let  £^°^=  £URo  and  for  each  n^O  let  £^n+^= 
Sub(RQ,  £^)  if  tfsO  (mod  4),  £^n+1^=  Sub(£^,  Rq)  if  n*l  (mod4),  £'n+1^  = 
£^Aft  if  n=  2  (mod  4),  and  £^n+1^-  Hom^I^ )  if  n*3(mod4).  Then 
£  c  £(°)  c  ...  c  £(n)  C  ..  and  AFL  (£)  =  U  £^. 

Proof.  Let  z'  be  any  AFL  containing  £.  Then  £'°'  c  z‘  and  a  simple  induction 

n  shows  that  £^  c  z'  for  all  n*0.  'Iherefore  U  £^  c  £'.  To  complete  the 

/  \  n^o 

proof  it  suffices  to  verify  thas  U  £'n'  is  an  AFL. 

/  \  nao 

Clearly  U  £v  '  satisfies  condition  (l)  of  Proposition  1.2. 


Since 


Sub(R  ,  U  £^)  -  Sub(R  ,  U  £^)  =  U  £^n+1^=  U  £^, 


^£'n'  satisfies  condition  (2).  A  similar  calculation  shows  that  it  satisfies  condi¬ 
tions  (4)  and  (5).  Finally,  observe  that  each  substitution  r  by  languages  of 
/  n\ 

U  £'  '  involves  only  finitely  many  languages.  Therefore  there  is  some  m  such 
n2o 

that  t  i6  a  substitution  by  languages  of  £^m^.  Konce 
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Sub(  U  £^,  ft  )  c  U  Sub(£^,  ft  )  -  U  Sub(£^  \  ft  ) 
iu>o  0  ru>o  0  n»l  0 

=  U  £(ri+l)  -  U  £(n), 
nal  rt?  o 

/  \  * 
whence  condition  (3).  Therefore  U  £'  '  is  an  AFL. 

n^o 

A  particularly  important  type  of  AFL  is  one  which  is  closed  under 
arbitrary  homomorphism.  That  is. 

Definition.  An  AFL  £  is  said  to  be  full  [3]  if  it  is  closed  under  arbitrary 
homomorphism. 

The  following  result  provides  a  useful  reformulation  of  full  AFL. 

Proposition  1.3.  A  family  £  of  languages  is  a  full  AFL  if  and  only  if 
(1)  ft0  c  £,  (2)  Sub(ft,  £)  c  £,  (3)  Sub(£,  Ro)  c  £,  and  (4)  £  A  R  c  X. 

Proof.  Suppose  £  is  a  full  AFL.  By  Proposition  1.2,  £  satisfies  (l),  (3),  and 

\ 

(4).  By  Theorem  2.4  of  [3],  £  satisfies  (2). 

Now  assume  £  satisfies  the  above  conditions.  Then  £  satisfies  condition 
(l)  -  (4)  of  Proposition  1.2.  Since  each  homomorphism  is  a  substitution  by 
languages  of  R,  (2)  above  implies  £  is  closed  under  homomorphism.  Thus  £ 
satisfies  (l)  -  (5)  of  Proposition  1.2  and  so  is  an  AFL.  Being  closed  under 
arbitrary  homomorphism,  £  i3  a  full  AFL. 

Notation.  For  each  AFL  £,  let  AFLf(£)  be  the  smallest  full  AFL  containing  £. 

Corollary.  Given  a  family  £,  let  £^°^=  £URo  and  for  each  n^o  let  £^n+^  = 

Sub(ft,  £(n^)  if  n3o  (mod  3),  £^n+1^  -  Sub(JC^,  Rq)  if  n*l(mod3),  and  £^n+1^= 

£^A  R  if  n32(mod3).  Then  £  =  £^  c  ...  c  £^n)  c  ...  and  AFLf(£)  =  U 

nio 

The  proof  is  analogous  to  that  of  the  corollary  to  Proposition  1.2  and 


is  omitted. 
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Section  2.  Substitution  of  AFL 

In  this  section  we  show  that  the  substitution  of  an  AFL  into  an  AFL  is 

an  AFL.  To  do  this  we  first  prove  two  technical  lemmas.  Hie  first  asserts  a 

kind  of  distributivity  of  regular  set  intersection  with  respect  to  subititution 

and  the  second  a  kind  of  distributivity  of  Homr  with  respect  to  substitution. 

( These  lemmas  are  also  used  in  section  1+.) 

Notation.  Let  ?o  bo  the  family  of  e-free  finite  sets. 

Note  that  7  is  symmetric  and  3ub(?  ,  7  )  =  3  . 

o  o  o  0 

Lemma  2.1.  For  all  families  of  languages  X^  and 
Sub(Xr  £2)A  R  c  Sub(XLA  R,  Sub(?Q,  X2)a  r). 

Proof.  Let  X2  =  Sub(?o,  X2).  Then  Zz  X '  and  Sub^,  X2)a  R  c  Sub^,  X')A  R. 
By  (b)  of  Proposition  1.1,  Sub(7Q,  X^)  *  Sub(7Q,  Sub(?o,  X2))  * 

Sub(Sub(7Q,  7q),  X2)  =  Sub(yQ,  Xg) .  Thus 

Sub^A  R,  Sub(?o,  X')  Aft)  =  Sub(X^A  R,  Sub(?Q,  X2)Aft). 

Hence  it  suffices  to  show  the  lemma  for  X£  replaced  by  Xg.  Hms,  without  Doss 
of  generality,  we  may  assume  that  Sub(7Q,  X2)  =  Z^.  Using  this  assumption  it 
suffices  to  show 

Sub(X^,  X2) ARC  Sub(XAR,  X^\  R.) 

Since  Xp  is  closed  under  substitution  by  it  follows  that  X 2  is 
symmetric.  Let  L2  be  in  X2  and  let  be  a  substitution  of  L2  by  languages  in 
Xr  Let  R  be  a  regular  set,  with  n  c  &j,  attending  Z,  if  necessary,  we  may 

^  .g. 

assume  that  r^Lg)  c  Z^.  Since  X2  is  symmetric,  we  may  assume  that  Z^  with 
Z1r1Z2=  0.  Let  t 2  be  the  substitution  on  Zg  defined  by  T^a)  “  a  T^a)  for  each 
a  in  Z2<  Let  h  be  the  homomorphism  on  (Z^UZg)  defined  by  h(a)  =  e  for  each  a 
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in  E?  and  h(b)  =  b  for  eacui  b  in  Z^.  Then  =  h Tg  and 
Tl(L2)0R  =hr2(L2)nR  -  hlTgd^JOh’^R)]. 

Since  R  is  regular,  h  1(R)  is  regular  [5].  Urns  there  exists  an  fsa^^ 

A  =  (K,  EjUZg,  6,po,  F)  such  that  ^  T(A)  =  h^R).  Let 

R;  =  (T(A)n(e})  U((a1,po,p1)  ...  ( ara>pm-l,pm^^£:!l,  each  ai  111  Z2* 

each  p.  in  K,  and  p  in  F). 
ri  * 

As  is  well  known  [2],  R*  is  regular. 

For  each  (a,p,  q)  in  EgX  K  x  K  ,  let 
R(a,p,q)  =  (w  in  E^/6(p,aw)  =  q}. 

Then  R(a,p,q)  is  regular  (since  R(a,p,q)  =  T(B),  where  B  is  the  fsa 
(K,  Z^,  6,  6(p,  a),  (q))).  Let  be  the  substitution  defined  on  (EgX  K  x  K  f 
by  T3((a,p,q))  =  a  R(a,p,q)  for  each  (u,p,q)  in  E,,x  K  x  K.  Then  t^R7)  is  the 
subset  of  h_1(R)  of  all  words  that  do  not  begin  with  a  symbol  of  E^.  Since 
t2(L2)  contains  no  word  beginning  with  a  symbol  of  E^, 

t2(l2)  nh-1(R)  =  t2(l2)  Dt3(r#). 

Let  t 7  be  the  svibstitution  on  Eg  defined  by  T7(a)  =  (a}x  K  X  K  for  each  a 
in  Eg  and  r"  the  substitution  on  (Eg  K  K  x  K)*  by  t" ((a,p,q))  ®  Tg(a)  for 
each  (a,p,  q).  Then  Tg  *=  t*t7,  so  that 

Xg(Lg)  0  h**1(R)  =  TV(Lg)  H  T^R7). 

^^As  fsa  (finite  state  acceptor)  is  a  5-tuple  A  c  (K,  Z,,  6,p  ,F),  where  (i) 

K  and  Z.  are  finite  sets  (of  stages  and  inputs,  reap.),  (li)  6  Is  a  function 
from  KXE^  to  K  (the  next  state  function),  (iii)s0  is  an  element  of  K(the  start 

state),  and  (v)  Fi|  (the  set  of  accepting  states).  The  function  b  is  extended 
inductively  to  K  x  by  letting  6(p,  e;  =  p  and  fi(p,  a^  ...  a  )  * 

6[6(p, a^  ...  at  _  ),aQ]  for  each  p  in  K,  each  nil,  and  each  a^,  ...,  aQ  in  E^. 

(■^For  each  fsa  A,  T(A)  b  (v  in  E^/6(p^w)  in  F).  It  is  known  [8]  that  a 
set  R  c  e*  is  regular  if  and  only  if  T(A)  R  for  some  fsa  A. 
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Let  be  the  substitution  on  (Eg  x  K  x  K)*  defined  by 
T3((a,p,q))  “  T"((a,p,q))  0  T3((a,p,q)) 

“  ar1(a)  fl  aR(a,p,q) 

for  each  (a,p,  q). 

We  now  show  that 

(*)  tV(l2)  0  t3(r/)  -  T^T^Lg)  n  R#], 

Since  T'3((a,p,q))  =  r"((a,p,q))  0  r3((a,p,q)),  we  hove  t^R')  =  t^R')  and 
TjtT'CL^c/tr'CL^].  Thus 

t3[t'(L2)  0  R']  c  t 3  t;(L2)  0  t'(R') 

=  t"  t'(L2)  n  t3(r/). 

To  see  the  reverse  containment,  assume  w  is  in  T^T^Lg)  0  t3(R/). 

Suppose  w  ■  e.  ihen  €  is  in  Lg  and  in  R*,  since  r"r '  and  t  are  €-free 

/l 

substitutions*  Therefore  e  is  in  T^T^Lg)  D  R/].  Suppose  w  /  €.  Then 
w  *  a^x^  . . .  G^xq  for  some  3*1>  some  a^,  . . . ,  a^  in  Eg,  and  some 
Xq,  . ..,  in  E*.  Since  w  is  in  t"t/(L2)  =  Tg(Lg),  ^  follows  that  a^  . . .  a^ 
is  in  Lg  and  Xj^  is  in  ^(a^  for  each  i.  Define  pA  in  K  by  induction  on  i  so 
that  pJ+1  =  6 (Pj,  aJ+1xj+1)  for  each  J,  0  is  J  <  q.  Let  wg  = 

(a^p^Pj.)  •••  (aq'Pq_]/Pq)*  since  w  is  in  t3(r'),  wg  is  in  R'.  Since  T'(a)  = 
{a}  x  K  x  K  for  each  a,  Wg  is  in  T/(ai  a^).  Therefore  Wg  is  in  r^Lg)  DR7. 
By  definition  of  t3,  a^  is  in  T^a^p^,?^  for  1  s  i  s  q.  Therefore, 
w  is  in  t"(w2)  so  that  w  is  in  T^T'CLg)  0  p'j.  Hence  -r^T'CLg)  0  t3(r')  £  j" 

[t /(Lg)  n  r'],  implying  (*). 

(id) 

V“J/A  substitution  t  is  e-free  if  e  in  T(a)  Implies  a  =  e. 


16  September  19 68 


TM-738/049/OO 


From  (*),  it  follows  that 

T]l(L2)  n  R  =  h[r2(L2)  n  h-1(R)  ] 

"  h[r"T7(Lg)  0  t3(R/)  ] 

=  hr3[r'(L2)  OR']. 

Nov  r7(Lg)  is  in  SubCS^,  Xg)  =  Z2  and  T7(Lg)  fl  R7  is  in  Xg A  R.  The  composite 

hr 3  is  a  substitution  such  that  hi^^p, q))  ■  h[aT^(a)  D  aR(a,p, q)  ]  = 

T^(a)  0  R(a,p,q)  for  each  (a,p,q).  Since  T^a)  is  in  X1  and  R(a,p,q)  in  R,  hT* 

is  a  substitution  by  sets  of  Z R.  Therefore  T^Lg)  0  R  is  in 

Sub(XjA  R,  Z2 A  R),  and  the  lemma  is  proved. 

The  result  pertaining  to  the  distributivlty  of  Horn  is 

r 

Lemma  2.2.  For  all  families  of  languages  X^  and  Xg, 

Homr[Sub(X1,  X2)]  c  Sub[Homr(X1A  R),  Hon^Sub^,  *«)»• 

Proof.  Let  Lg  be  a  language  in  Xg,  t  a  substitution  of  Lg  by  languages  of 

.  *  * 

X^  E1  *  y  Eg  ■  2^  ,  and  h  a  homomorphism  from  2^  to  E^  vhich  is 

restricted  on  t(L2).  By  definition  of  Eg,  for  each  a  in  E^  there  is  a  word  v  in 

Lg  containing  an  occurrence  of  a.  Let  R  be  the  set  containing  e  and  all  words  w 

in  E^  such  that  h(v)  /  e.  Then  R  ■  (c)  U  h  (E^)  is  a  regular  set.  Since,  for 

each  a  in  Eg,  each  subword  of  a  word  of  t(  a)  is  also  a  subword  of  some  wcrd  of 

T(Lg),  h  is  restricted  on  t(s)  fl  R.  Lot  t*  be  the  substitution  by  languages 

of  Homi>(X1AR)  defined  by  T"(a)  •=  h[T(a)  H  R]  for  each  a  in  Eg. 

For  each  a  in  Eg  let  a7  be  a  new  symbol  and  let  Eg  ■  (a7/a  in  Eg}.  Let  t7 

be  the  substitution  on  E£  defined  by  T7(a)  ■  {a}  if  r(a)  contains  e  or  hr(a)  is 

e-free,  and  T7(a)  =  (a,  a7}  if  r(a)  is  e-free  and  hr(a)  contains  e.  Then  t7  is 

a  substitution  by  languages  of  7q.  Let  h7  be  the  homomorphism  on  (E^J  E7)*  defined 
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by  h7(a)  =  a  and  h7(a7)  =  €  for  each  a  In  Eg.  Then  h7  is  restricted  on  r'(L^). 

[For  let  E^  =  [a/r7(a)  =  a}  and  E^  ■  {a/r^a)  *  (a,a7}}.  By  definition  of  t7, 

tor  each  a  in  JL  there  is  a  nen-e  word  w  in  r(a)  such  that  h(w  )  =  e.  Since  h 

J  Cl  €1 

is  restricted  on  t(L2)  it  follows  that  (a)  0  0  (c)  and  (s)  there 

exists  q*0  such  that  any  subword  cf  length  >  q  of  a  word  of  L 2  contains  an 
occurrence  of  an  element  of  E^.  Now  (a)  implies  that  if  h7(w7)  =  e  for  w7  in 

t/(L2)  then  w7  =  e,  and  (f3)  incites  that  if  h7(u7)  =  e  for  a  subword  u7  of  some 

word  of  t/(L2)  then  |u7|sq.  Therefore  h7  is  restricted  on  t7(L2).]  Therefore 
h7r7(L2)  is  a  language  in  Homr(Sub(7o,  X,,)),  so  that  T//h7T7(L2)  is  in 
SubtHom^X^  R),  Horar(Sub(5o,  X  ))]. 

To  complete  the  proof  it  suffices  to  show  that  h-rCLg)"  T<'h7T7(L2). 
Therefore  let  w  be  a  word  in  L^.  We  shall  show  that  hr(w)  ■  -r'hV'Cw).  If 
w  =  €,  then  hT(w)  -  e  *  T*h7T7(w).  Assume  w  ■*  a^  ...  nQ,  nil,  each  ai  in  Eg. 

By  definition, 

hT(a^  ...  an)  -  (h(w1)  ...  h(w  )/wA  in  T(ai)J. 

For  each  i,  let  w^^  be  a  word  of  T(ai).  Let  J  be  the  set  of  all  J  such  that 
h(wj)  *  e  and  t(bj)  is  e-free,  and  let  J7  ■  (l,  ...,  n)  -  J.  Then  h(w^/)  is  in 
'[■"(aj/)  for  each  J7  in  J7.  For  each  i,  1  s  i  s  n,  let  b^  *  a7  if  i  fs  in  J  and 
b,  **  ai  if  i  is  in  J7.  Since  h(Wj)  ■  €  and  T(aJ  is  e-free  for  each  J  in  J, 
b.^  ...  bR  is  in  T,(a1  ...  an).  If  i  is  in  J  then  h7(bi)  =  e  *  h(w^)  and  hCw^ 
is  in  T/'h7(b1).  If  i  is  in  J7,  then  h7(b1)  =  a1  and  h(wi)  is  in  t"^).  Thus 
h(wx)  ...  h(wn)  is  in  T//(h7(b^  ...  bQ)),  so  that  hT(w)  c  T"h7T7(w). 

To  see  the  reverse  containment,  note  that 
t  hV ,(a1  ...  aQ)  -  (v^  ...  u^  in  T//h7(b1),  in 
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For  each  i,  if  b1  =  a'  then  h'(b^)  =  e,  u^  =  e,T(a^)is  e-free,  and  hT(a^) 
contains  e  =  Uy  and  if  b^  -  a.y  then  is  in  T"(a^)  =  h[T(a1)  0  R]  c  frrta^. 

In  either  case,  u^  is  in  hr(a^).  Thus  u^  ...  ur  is  in  hr(a^  ...  a^)  and 

T//h,T  r(w)  c  hT(v) . 

We  are  now  ready  for  the  main  result  of  the  section. 

Theorem  2.1.  If  X^  and  are  AFL,  then  so  is  Sub(Xy  X^). 

Proof.  Since  ft  c  f  and  ft  c  £  it  follows  that  ft  =  Sub(ft  .ft  )c  Sub(X..,  X).  Thus 
-  o  1  o  2  o  o'  o'  1'  2 

Sub(Xy  X^)  satisfies  (l)  of  Proposition  1.2.  By  Propositions  1.1  and  1.2, 

Sub(Ro,  Sub^,  X2))  =  Sub(Sub(ftQ,  X1),  X2)  c  Sub(Xy  X2) 
and 

Sub(Sub(Xy  Xg),  Rq)  =  Sub(Xy  SubtXg,  ftQ))  c  Sub(Xy  Xg). 

Thus  Sub(Xy  X^)  satisfies  conditions  (2)  and  (3)  of  Proposition  1.2.  By 
Lemma  2.1, 

Sub(Xy  X2)  A  ft  c  Sub^A  ft,  Sub(7Q,  X2)  A  ft)  c  Subtly  Xg) . 

By  Lemma  2.2, 

Homr[Sub(X1,  X2)]  c  SubtHom^X^  ft),  Homr(Sub(?o,  Xg))]  c  Sub(Xy  X2). 

Thus  Sub(Xy  X2)  satisfies  conditions  (4)  and  (5)  of  Proposition  1.2. 

Hence  Sub(Xy  X2)  is  an  AFL. 

Corollary  1.  If  X.^  is  a  full  AFL  and  X2  is  an  AFL,  then  Sub(Xy  X2)  is  a  full 
AFL. 

Proof.  By  Theorem  2.1,  Sub(£y  X2)  is  an  AFL.  By  Propositions  1.1  and  1.3, 
we  have 

Sub  (ft,  Sub(Xy  X2))  =  Sub^  Sub(R,  X^,  Z^j  c  SubfXy  Z^). 

Thus  Sub(£y  X  )  satisfies  (l)  -  (4)  of  Proposition  1.3  and  so  is  a  full  AFL. 
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Corollary  2.  If  X  is  an  AFL,  then  AFL^(X)  =  Sub(R,  X). 

Proof.  By  C'v-ollary  1,  3ub(R,  X)  la  a  full  AFL.  If  X'  is  any  full  AFL  con¬ 
taining  X,  then  Sub(R,  X)  c  Sub(R,  t')  £  z'  by  (2)  of  Proposition  1.3*  Thus 
Sub(R,  X)  is  the  smallest  full  AFL  containing  X,  i.e.,  Sub(R,  X)  =  AFLf(X). 
Remarks  (l)  Theorem  2.1  and  Corollary  1  both  hold  if  X^  is  a  family  of  languages 
sruch  that  Sub(RQ,  X^)  is  an  AFL.  For  in  this  case 

Sub(X1#  x2)  c  Sub(XL,  Cub(RQ,  x2))  -  SubCSut.CX^  Rq),  x2)  =  Sub (zv  x2). 
Thus  Sub(X^,  X2)  =  Sub^,  Sub(RQ,  Z^))  is  a  (full)  AFL  if  ^  is  a  (full)  AFL. 

In  particular,  the  results  are  valid  if  Xg  is  a  pre-AFL  or  e-free  pre-AFL  [4], 
Similarly,  Corollary  2  is  valid  if  X  is  any  family  of  languages  such  that 
Sub(RQ,  X)  is  an  AFL,  hence  if  X  is  a  pre-AFL  or  e-free  pre-AFL. 

(2)  Theorem  2.1  suggests  the  following  general  problem  (which  is  not 
studied  here) :  "Identify"  Sub^,  Z^)  for  well-known  AFL  X.^  and  Z^. 

Section  3«  AFL  of  Substitutions 

This  section  is  concerned  with  relations  between  substitution  and  the 
AFL  generated  by  a  family.  The  main  result  asserts  that,  with  suitable 
hypotheses, 

AFL[Sub(X1,  X2)]  =  Sub[AFL(X1),  AFL(X2)J. 

In  order  to  prove  the  main  result,  a  sequence  of  lemmas  is  needed. 

Lemma  3«1«  Le t  X^  be  an  e-free  (or  arbitrary)  family  of  languages.  Then  for 
every  family  of  languages  Z^, 

Sub^A  R,  X2 A  R)  c  Hom^C Sub(X1uyQ,  Sub(7Q,  Z^j)  AR  ] 

(or  Sub(X1A  R,  Xg A  R)=  HomtSub(X1liyo,  Sub(?o,  Z^)  A  R]). 
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Proof.  We  prove  the  lemma  for  the  e-free  case,  the  argument  for  arbitrary 
X.^  differing  trivially. 

Let  Lg  be  in  Xg,  R?  cons:L{ier  LgO  R2~  ^2*  T 

be  a  substitution  on  Eg  by  languages  of  X^A  ft.  Then  for  each  a  in  E^  -r(a)  = 

L  0  R  -where  L  is  in  X  and  R  is  in  ft.  For  each  a  in  L  let  a7  be  a  new 
a  a'  a  1  a  2 

symbol  and  let  Eg  =  (a7/a  in  Eg).  Let  t7  be  the  substitution  on  Eg  defined  by 
T7(a)  =  { a7 a)  for  each  a.  Then  r;  is  a  substitution  by  languages  of  7  ,  so 
that  t,(L0)  is  in  Sub(7Q,  X?).  Let  7"  be  the  substitution  on  (E0U  E^)*  defined 


2  2 


by  7"  (a')  =  {a7}  and  7" ( a)  =  L  for  each  a  in  E_.  Then  7"  is  a  substitution 

by  languages  of  X^  7  q,  so  that  T7/T7(Lg)  is  in  SubfX^  7  q,  Sub^,  Xg)].  Let 

R7  =  (  U  a7R  )*  and  let  R"  =  t'"(R0),  ^ere  t7//  is  the  substitution  on  E* 
a  in  Eg  a  2  2 

defined  by  t  '(a)  =  a7  for  each  a.  Then  R7  and  R"  are  regular  sets, 

a 

and  t  t  (Lg)°R  OR  is  in  Sub[X^U  Sub(5'o,  Xg)  ] A  ft.  Let  h  be  the  homomorphism 

such  that  h(a7)  =  e  for  each  a7  and  h(b)  =  b  if  b  is  a  symbol  not  in  £7.  Since 

2 

X^  is  e-free,  h  cannot  erase  two  consecutive  symbols  of  a  word  in  T"T7(Lg). 

Furthermore,  if  w  is  in  T77T7(Lg)  and  h(v)  =  e,  then  w  =  e.  Therefore  h  is 

restricted  on  T"T7(Lg)  and  thus  restricted  on  T*T7(Lg)n  R70  R". 

To  complete  the  proof  it  suffices  -co  show  that  t(L^0  Rg)  = 

h[T‘'T7(Lg)n  R7n  R"  ].  Let  w  be  any  word  in  Eg.  If  w  =  e,  then  T(e)  =(e)  = 

h[T  T7(e)0  R7].  Suppose  w  =  a^  . . .  an,  n^l,  each  a.^  in  Eg.  Then 

t(w)  =  (wt  ...  w  /w.  in  L  0  R  J 
x  '  1  n'  i  ai  ai 

=  h{o.7w,  ...  a7w  /w.  in  L  OR  } 

1  1  n  n'  i  a^  a^ 

- 

v  'Regular  sets  are  closed  under  intersection  [8]  and  under  substitution  by 
regular  sets  [1]. 
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-  hUa^  ...  e/u/uj  in  ...  in  H^)] 

®  h[T<'T/(w)D  R7  ]. 

Therefore  t(v)  =  h[T/'T7(w)n  R7]  for  every  word  v  in  Eg.  Hence 
t(l^i  r2)  =  hii-Vd-gp  R2)n  R7J. 

Clearly  T/,T7(Rg)c  R*.  Hence  T*T7(Lgn  Rg)c  T//T7(Lg)n  R".  We  prove  the 
reverse  inclusion,  thereby  obtaining  equality. 


Suppose  w  is  in  T/,T7(Lg)D  R*.  Arsume  v  ■  e.  Then  e  is  in  T/,T7(Lg)  and  in  R*, 
thus  in  1^  and  in  Rg.  Hence  e  in  in  L^l  Rg  and  therefore  in  t^t7(L^!  Rg).  Assume 
v  *=  a^w1  ...  aS*n,  rati,  is  in  t't 7(l^)fiR* .  Then  each  w^  is  in  L&  ,  and  a1  ...  a^ 
is  in  Ivj  and  in  Rg.  Therefore  v  is  la  T*T7(L^lRg).  Thus  T',T7(Lg)nR#Cr'rT7(l^lRg). 
Since  T"T7(Lgn  Rg)  =  T/'T7(Lg)n  R#,  we  have 
r(L/l  Rg)  =  h[rV(L^  Rg)n  R7] 

=  h[rV(Lg)n  R'H  R7]. 

Lemma  3.2.  Let  Xg  be  a  family  of  languages.  Then 

(a)  for  each  e-free  symmetric  family  X^, 

Sub[Homr(X1),  Xg]  c  Hornet SubfX^  Xg)]. 

(b)  for  each  €-free  family  X^, 


SubfX^  Homr(Xg)]  C  Hom^SubtXjU  9q,  Sub(*0,  x2)]). 

Proof. (a)  Let  Lg  be  in  Xg  and  t  e  substitution  of  E^  by  languages  of  Hom^X^), 
Then  for  each  a  in  ZL  ,  t(b)  ■  h  (L  ),  where  Lo  is  in  X  and  h  is  restricted 

1^2  0  u  &  X  & 

on  L&.  Since  X1  is  symmetric,  we  may  assume  that  0  E^"  0  for  a  ^  b.  Then 

there  is  a  homomorphism  h  on  (UZT  )*  such  that  h(x)  ■  h  (x),  where  x  is  in  £.  . 

a  a  a  *  ^a 

Hence  t  is  the  composite  hr7,  where  t7  is  the  substitution  on  E^  defined  by 

T7(a)  =  L  for  each  a.  Since  t7  is  a  substitution  by  languages  of  X,,  it 
a  X 
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suffices  to  show  that  h  is  restricted  on  t7(L2). 

Since  h  is  restricted  on  L  for  each  a  there  exists  a  >0  such  that 
a  a 

whenever  w7  is  a  subword  of  a  word  of  Lq  and  h&(w7)  =  e.  Furthermore, 

since  L  is  e-free,  h  (w)  ^  e  for  each  w  in  L  .  Let  q  =  max(q/a}  and  consider 

a  a  a  ci 

h  on  x^Lp).  If  w7  is  a  subword  of  a  word  of  t7(L2),  then  w7  is  a  subword  of  a 

word  of  the  form  w,  ...  w  ,  with  w.  in  L  for  each  i.  Also,  w7  = 

In*  i  a^  * 

viWi+l  '  "  w  j  lWj'  w*iere  *  5  v7  is  a  sub  word  of  w^,  and  w7  is  a  sub  word  of 

Wj.  Thus  |w7|«q  and  |w7|£q.  Suppose  h(w)  =  e.  Then  wi+1< .  . w  e>  30  that 

|w7|^2q.  If  w7  is  a  word  of  t7(L2),  that  is,  w7  =  w^  ...  wq,  each  w^  in  L&  , 

and  if  h(w)  =  e ;  then  w^  =  e  for  each  i,  so  that  w  =  e.  Therefore  h  is 

restricted  on  T7(Lp)  and  the  proof  of  (a)  is  complete. 

(b)  Let  L2  be  in  I2,  h  a  homomorphism  restricted  on  L2,  and  t  a 
* 

substitution  on  Z^L  ^  hy  languages  of  Let  c  be  a  symbol  not  occurring  in 

£^LyjTh(L2)  and  let  t7  be  the  substitution  on  Z^  defined  by  T7(a)  =(ch(a)} 

for  each  a  in  ZL  .  Clearly  t7(L0)  is  in  Sub(5  ,  X  ).  Let  r"  be  the  substitution 
t*2  d  O  d. 

on  ((cjU  Z^Lp*  defined  by  t"(c)  =  { c)  and  T"(b)  =  T(b)  for  b  in  Z^^.  Ihen 
t"[t7(L/,)]  is  in  Sub[X^U  Sub(7Q,  X^)].  Let  h7  be  the  homomorphism  on  ^*<p#(L  ) 
defined  by  h7(c)  =  e  and  h7(b)  =  b  for  b  in  Z  *  ,/  %  -  (c).  Obviously  -rh(w)  = 

«.  t  T  \  big  / 

h7r"T7(w)  for  each  w  in  Z.. 

^2 

To  comp]-«te  the  proof  it  suffices  to  show  that  h7  is  restricted  on  t"t7(L2). 
Suppose  there  exists  w  in  Lg  and  w7  in  t\7(w)  such  that  h7(w7)  =  e.  Then  e  is 
in  Th(w).  Since  ■  is  a  substitution  by  e-free  sets,  h(w)  =  e.  Since  h  is 
restricted  on  L2,  w  =  e.  Hence  w7  =  e.  Suppose  there  exists  w  /  £  in  I.  and  a 

subword  w7  of  some  word  in  t/7t7(w)  such  that  h7(w7)  =  e.  Tht  w7  =  c^  for  some 
k>  0  .  Let  w  =  a^  . . .  a^,  each  ai  in  Z^  .  Then  there  exist  positive 
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integers  i  and  J,  with  i  <  J,  and  words  u^,  ui+i>  •••>  uj_i>  uj  sucl1  that 
end  Uj  are  subwords  of  words  in  crh(a^)  and  CTh(aj)  resp,  is  a  word  in 
CTh(a^  for  each  m,  i  <  m  <  j,  and  w7  =  u^u.^  ...  Uj_^Uy  Thus  k^|  j-i|+2. 

Since  X  is  e-free,  h(a  )  =  e  for  each  m.  i  <  rr  <  j.  Since  h  is  restricted 
on  L^,  there  exists  q>0  such  that  |v|<q  if  h(v)  =  e  and  v  is  a  subword  of 
a  word  in  L^.  Hence  |j-i|<q  +  2,  so  that  |  w7 1  =  k<  q+lf.  Therefore  h7  is 
restricted  on  tvt7(L,j). 

Remark.  The  method  of  proof  of  Lemma  3*2  shows  that  both  parts  (a)  and  (b) 
hold  if  the  e -free  condition  cm  X^  is  dropped  and  Homr  is  replaced  throughout 
by  Horn. 

Lemma  3-3-  Let  X 2  be  a  family  of  languages  such  that  Sub(RQ,  Z^f>  X 2  and  let 
X^  be  a  (full)  AFL.  Given  an  e-free  (arbitrary)  symmetric  family  X 
containing  Rq  such  that  Sub(X,  X g)  c  X^,  then  Sub(AFL(X),  Xg)  C  X^  (Sub(AFLf(X), 
*2)  £  x3)* 

Proof.  Let  A  be  the  collection  of  all  e-free  (or  arbitrary)  symmetric  families 
X7  containing  Rr  and  such  that  Sub(I7,  X ^)  c  X^.  Let  {X^J^q  be  defined  with 
respect  to  X  as  in  the  corollary  to  Proposition  1.2  (the  corollary  to  Proposition 
1.3).  Then  X^°^  =  X. 

We  shall  show  that  X '  in  A  implies  Sub(RQ,  X7)  (or  Sub(R,X7)), 

Sub(X7,  Rq),  Z'\  R,  and  Homr(X 7 ) ^^ ^  are  all  in  A.  By  induction  on  n  it  will 


then  follow  that  each 


x(n) 


is  in  A.  Clearly  each  of  the  above  sets  is  symmetric. 


Also, 


'Hora^X7)  is  omitted  if  X  is  not  e-free. 
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Sub[3ub(RQ,  X'),Xg]  =  Sub[RQ,  Sub(X',Xg)]  c  Sub(RQ>  X  )  C  X3 
(or  Sub[  Sub(R,  X;),  Xg]  =  SubfR,  Sub(X',  Xg)  ]  c  Sub(R,  £  )  c  X  ) 

and  Sub[ Sub(X fto),Xg]  =  Sub[X',  Sub(Ro,Xg)  ]  c  Sub(X',  Xg)  c  X^ 

clearly  Sub(X'A  R,  X?)  c  Sub(X7A  R,  £  A  R.)  Since  RqC  X',  x'.  Thus,  by 

Lemma  3*1> 

Sub(X'A  R,  Xg)  C  Homr[Sub(X/,  Sub(7Q,  X  ))  A  R] 

C  Homr[Sub(X/,  Xg)A  R] 

C  Horn  [X  A  R] 

r  3 

=  *3 

(or  Sub(X  7  A  R,  £0)  c  Hom(X  A  R)  c  X  ). 

By  Lemma  3.2  (a), 


Sub[Homr(X'),  X  )  C  Homr[Sub(X/,  X  )] 

C  Homr(X3) 

Sf3- 

(n) 

It  now  follows  that  the  sequence  of  families  {X'  ')  defined  for  X  as 

n£o 

in  the  corollary  to  Proposition  1.2  (or  the  corollary  to  Proposition  1.3)  is 

(n) 

in  A.  To  complete  the  proof  of  the  lemma  it  suffices  to  show  that  UX'  '  is 

(n)  0210 

in  A.  Clearly  UX''  '  is  e-free  if  X  is  e-free,  contains  Rq,  and  is  symmetric. 

(n) 

Suppose  t  is  a  substitution  of  L  in  X  by  languages  of  UX'  1 .  Then  t(L?) 
involves  only  a  finite  number  of  languages  of  III'  .  Since  X'  is  increasing 


in  n,  there  exists  m  such  that  t  is  a  substitution  by  languages  of  X'  .  Hence 

Sub(  U  x(n),X  )  c  U  Sub(X^n^,  X  )  c  X  . 
r£*o  2  n^o  2  J 

( n) 

Therefore  UX''  ;  is  in  A  and  the  proof  is  complete, 
nio 
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Next  we  have  the  analogue  to  Lemma  3*3  for  the  second  variable  in 
Suh(^l>  ^2^  ’ 

Lemma  3»4.  Let  X^  be  a  family  of  languages  containing  Rq  and  such  that 
Sub(X^,  Rq)  c  X^.  let  X3  be  an  AFL,  with  X^c  X^,  and  let  X  be  a  family  of 
languages  such  that  Sub(X1#  X)  c  X^.  If  X1  is  e-free  (or  X^  is  a  full  AFL) 
then  Subtly  AFL(X)  ]  (or  Sub(X1,  AFLf(X) )  C^). 

Proof.  Let  A  be  the  collection  of  all  families  X'such  that  Sub^,  £')  c  X, 
( n) 

Let  {X'  be  the  sequence  of  families  defined  for  X  in  the  corollary  to 

Proposition  1.2  (or  the  corollary  to  Proposition  1.3).  Since  X^°^  =  X  U  R 

0 

a*(xx,  ro)  c  XjC  zy 

Sub(X1,  X(oh  =  Sub(Xi;  X)  u  Sub(Xr  Ro)  C  X3> 
therefore  X^°^  is  in  A.  We  shall  show  that  X*  in  A  implies  Sub(RQ,  X') 

(or  Sub(R,  £')),  Sub(X '  f  Rq),  X'a  R,  and  Kom^i')  (l6^  are  all  in  A. 

Clearly 

Sub(Xx,  Sub(RQ,  X'))  =  Sub(Sub(X1,  Rq),  X') 

c  Sub(Xr  X')  s  x3 

(or  Sub(X1,  Sub(R,  X'))  =  Sub[Sub(Xi;  R),  X7] 

=  Sub[Sub(Xi;  Rq)UU),  X'] 

=  Sub^uU),  X'] 

=  HomSub(X1,  X') 

eV 

and  Sub[X^,  Sub(X  ,  RQ)  £  Sub[Sub(X^,  X*),  Rq],  by  (a)  of  Proposition  1.1, 

=  Sub(X3,  Rq) 

=  X,. 

TTTi -  3 

v  'Horn  (X')  is  omitted  if  X  is  a  full  AFL. 


and 
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Nov  Sub(X  ,  X'a  R)  C  Sub(X^A  R,  X#A  R) 

C  Honr(Sub[X^j7  ,  Sub(?Q,  Xr)]AR),  by  Lemma  3*1* 

=  Horn  (Sub [X1#  Sub(?o,  X')]AR) 

=  Homr(Sub[Sub(X1,  3  ),  X']  A  R) 
c  Horn  (Sub [X1#  X']  A  R) 
c  Homr(X  A  R)  =  X3 
(or  Sub(X^,  X 'a  r)  c  HomCX^A  R)  c  X^). 

By  Lemma  3*2(b), 

Sub(Xr  Homr(X/))  c  Hom^SubfX^  3  ,  Sub(?o,  X')]) 

C  Homr(Sub[Sub(X1,  3q),  l'}) 

C  Homr[Sub(X1,  X')] 

=  x3. 

( n) 

From  the  above,  it  follows  that  X^  '  is  in  A  for  each  n^O  .  Then 

Sub^,  AFL(X))  =  Sub(X1#  U  X^) 

n^o  /  \ 

=  U  Sub(X-,  ZKn}) 


(or,  similarly,  Sub(X^,  AFLf(X))  c  X^)  and  the  proof  is  complete. 

Lemma  3«5«  bet  X^  be  an  e-free  (arbitrary)  fanu  of  languages  containing  y 
such  that  Sub(X1,  7q)  c  X.^,  and  let  Z^  be  a  nontrivial  family  of  languages. 
Then  Z±  c  AFL[Sub(X,,  Xg)  ]  (or  Zf  AFLf[Sub(X1,  Z^)]). 

Proof.  Let  L 2  be  a  language  in  X 2  containing  a  word  of  length  tel  and  let 
L^  be  a  language  in  X^  [ L 2  exists  since  X 2  is  nontrivial.]  Let  c  be  a  new 
symbol.  Since  3  z  Zy  ( c 3  is  in  X1<  Since  Sub(X1,  3q)  c  X^  L^c,  hence 
L^c  U C c 3 ,  is  in  Zy  Let  t  be  the  substitution  on  defined  by  T(a)  =  L^c  U(c) 
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+  k 

for  each  a  in  L  .  Then  t(L„)  is  in  Sub(X  ,  X  ).  Thus  t(L_)  fl  Et  c  and 
L2  d  id  d 

t(L0)  n  E^ck  are  in  AFLtSubfX^  X^)].  Then  LjCk«T(L2)  0  Z^  ck  (i^c1*  =  T(L2)D^ck 

ck).  Thus  LjC*  is  in  AFL[Sub(X1,  Xg)  ] 


(AFLf[Sub(X 

h(c)  =  e  and  h(b)  =  b  for  b  in  L  .  Tnen  h  is  restricted  (arbitrary  homomor- 
k  k  ^ 

phism)  on  I^c  and  Lf  h(l^c*)  is  in  Homr[AFL(Sub(X1,  X2))]  c  AFL  (Sub^,  Z^) 
(or  1^  is  in  Hom[AFLf(Sub(X1,  X  )]  C  AFLf  [  Sub^,  £  )]). 

We  are  now  ready  for  the  main  result  of  the  section. 

Theorem  3«1«  Let  X^  be  an  e-free  (oor  arbitrary)  symmetric  family  of  languages 
containing  Rq  and  let  X2  be  a  nontrivial  family  of  languages.  If  either 
Sub(fto,  X2)  C  X2  or  Sub(X1,  Rq)  C  X^  then 

AFL[Sub(X1,  X2)]  =  Sub[  AFL(£^),  AFL(Xg)  ] 

(or  AFLf[Sub(Xr  £g)  ]  =  Sub[AFLf  (£.,_),  AFLf(X2)J.) 

Proof.  We  only  consider  the  case  when  X^  is  e-free,  since  the  other  case  can 
be  treated  similarly. 

By  Theorem  2.1,  Sub[AFL(X^),  AFL(£2)  ]  is  an  AFL.  Since  this  AFL  contains 
Sub(£p  X2),  it  follows  that 

AFL[Sub(X1,  X2)]c  Sub[ AFL(£1),  AFL(X2)]. 

Consider  the  reverse  inclusion.  First  assume  that  Sub(RQ,  X2)  c  Xg. 

Since  Sub(X^,  X0)  c  AFL[Sub(£^,  Xg)],  by  Lemma  3>3  we  obtain 
(*)  Sub[AFL(X1),  Xg]  C  AFL[Sub(X1#  £g)]. 

Since  X,  is  a  nontrivial  family, 

AFL(X1)  =  AFL[Sub(AFL(X1),  X?)  ],  by  Lemma  3-?, 

(**)  c  AFL(Sub(X1,  X2)J,  by  (*) . 


p  X2)]).  Let  h  be  the  homomorphism  on  (E^  I 


Ulcj)  defined  by 


h?  =  T(V  n  \ 
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By  (**),  (*),  and  Lenina  3*4, 

SubfAFL^),  AFL(X2)]c  AFUSubU-^  Xg)]. 

Next  assume  that  Sub(X^,  Rq)  c  X^.  Since  X0  is  a  nontrivial  family,  • 

XjC  AFL[Sub(X1#  Xg)]  by  Lemma  3.5.  Since  Sub^,  Xg)  =  AFL[Sub(Xr  Xg)]^ 

Sub[Xi;  AFL(X2)]  C  AFLtSub^,  Xg)  ] 
by  Lemma  3«4.  Then,  by  Lemma  3*3* 

SubfAFL^),  AFL(Xg)  ]  C  AFLtSub^,  Xg)]. 

Remarks,  (l)  The  proof  of  Theorem  3*1  shows  that  the  inclusion 
AFL[  Sub(X^,  X2)]  =  Sub[AFL(X^),  AFL(Xg)  ] 

(or  AFLf[Sub(X1,  Xg)  ]  C  Sub[AFLf(X^),  AFLf(Xg)])  , 

is  valid  with  no  hypotheses  on  X.  or  X  . 

(2)  The  reverse  inclusion  in  remark  (l),  thus  Theorem  3. Lis  not  valid 
without  some  hypotheses.  For  example,  if  X1  is  the  trivial  family  consisting 
of  Just  (e),  then  Sub(Xn,  Xg)  =  X.^  and  AFLtSubCXp  Xg)  ]  «*  R  *=  AFLf [  Sub(X1,  Xg)  ] 
need  not  contain  SubtAFL^),  AFL(Xg)  ]  =  AFLf(Xg)  =  Sub[ AFLf(Xx),  APT^(X  )]. 

Similarly,  if  Xg  is  the  trivial  family,  then  AFLtSub^,  Xg)  ]  =  ft  **  AFLf[Sub(X^, 

Xg)]  need  not  contain  SubCAFLtX^,  R)  -which  contains  AFL^).  If  X^  =  a+  and 
X0  is  the  AFL  generated  by  (a^^nJtl),  then  Sub(RQ,  X?)  =  Xg,  AFLtSubCX^  Xg)] 

=  AFL(Xl)  -  Ro,  and  SubtAFL^),  AFL(Xg)  ]  =  Sub(RQ,  Xg)  =  Xg. 

Section  4.  Iterated  substitution 

We  are  interested  in  families  of  languages  closed  with  respect  to  substitu¬ 
tion  into  another  family,  or  closed  with  respect  to  substitution  by  languages 
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of  another  family.  If  a  family  lacks  the  desired  closure  property,  then  we 
apply  the  substitutions  in  question  and  enlarge  the  original  family  by  adding 
the  languages  obtained  by  these  substitutions.  Iterating  this  procedure  leads 
to  a  family  containing  the  original  one  and  having  the  desired  closure  property. 

This  section  contains  the  definitions  and  some  results  about  iterated 
substitution.  In  particular,  we  show  that  iterated  substitution  applied  to  an 
AFL  yields  an  AFL.  We  present  a  condition  that  guarantees  the  substitution 
closure  of  a  family  to  be  an  AFL  even  if  the  original  family  is  not  an  AFL. 
Definition.  Let  X1  and  X^  be  families  of  languages.  Then  X^  is  closed  under 
X^  substitution  if  Sub(X^,  X^)  £  X^.  The  closure  of  X^  under  X^  substitution 
is  the  smallest  family  containing  Z^  and  closed  under  X.^  substitution. 

Since  the  intersection  of  all  families  containing  X 2  and  closed  under 
X1  substitution  (the  family  of  all  sets  L  £  c  £  is  one  such  family)  is 
also  such  a  family,  the  closure  exists.  In  Lemma  4.1,  we  shall  show  how  to 
calculate  it. 

Notation.  Given  X1  and  X2,  let  Sub°(X1>  Z^j  =  X2  and,  by  induction, 

Sub^c+1(X1,  X2)  =  SubtX^  6  Sub1^,  X2)J  for  each  teO.  Let  Sub”^,  Xj  - 

U  Subi(X-,  X  ). 
i=o  x  * 


Note  that  for  every  X^,  X^,  and  k, 


=  Suib[X  ,  5  Sub1(X  X  )) 

i=o  x  d 
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Also,  for  each  kil, 

v  k”1  i  f 

Sub*^,  Xg)  =  Sub [£1#  U  Sub1(X1,  Xg)  ] 

k  * 

=  Subtly  U  Sub1(X1,  X2)] 

O 

=  Subk+1(x1>  Xg). 

It  is  not  necessarily  true  that  Xg  =  Sub°(X^,  Xg)  c  Sub^(X^,  Xg).  [For  example, 
let  X^  =  C  C  ab ) )  and  Xg  =  ((a)}.  Thus  Sub^^(X^,  Xg)  =  X^,  -which  does  not 
contain  Xg  =  Sub0(Xp  Xg).] 

Suppose  X1  contains  (a)  for  each  a  in  Z.  Then  XgC  Sub(X^,  Xg)  for  every 

family  X  .  Thus,  for  every  k20, 

k+1  k  i 

subK  1(x1,  Xg)  =  Sub[X3,  U  Sito1(X1,  Xg)] 

i=o 

=  SubtX^  Subk(XL,  Xg)]  . 

Lemma  4.1.  The  family  Sub  (X^  XQ)  is  the  closure  of  Xg  under  X^  substitution. 

Proof.  Let  X  be  the  closure  of  Xg  with  respect  to  X^substitution.  Since 
Sub[X1,  Subk(X1,Xg)  ]C  Subk+1(X1,  Xg), 

Sub[X1}  Sub“(X1,  Xg)]  =  SubtXy  J  Subk(Xx,  Xg)] 

=  0  SubtX^  Subk(XL,  Xg)] 

=  0  Subk+1(X1,  Xg) 

=  Sub°D(X1,  Xg). 

Thus  Sub  (Xy  X  ,)  is  closed  under  X^  substitution,  so  that  X  c  Sub°°(X^,  X?). 

To  see  the  reverse  containment,  it  suffices  to  show  that  Sub  (X^,  Xg)  c  X 
for  each  k20.  By  definition,  Sub°(X^,  Xg)  «*  XgC  X.  Continuing  by  induction, 
suppose  Sub^X.,  X  )  c  X  for  0  <  i  <  k,  k2l.  Then  I 
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Subk(£1,  X2)  =  Sub[Xx,  U  Subi(X1,  Xg)]  =  Sub^,  X)  c  X. 

Thus  the  induction  is  extended  end  the  proof  is  complete. 

Definition.  Let  X^  and  Xg  be  families  of  languages.  A  family  X^  is  closed 
under  substitution  in  Z g  if  Sub(X^,  Xg)  c  X^.  The  closure  of  X^  under 
substitution  in  X?  is  the  smallest  family  containing  X^  and  closed  under 
substitution  in  Xg. 

Again,  it  is  easily  seen  that  the  closure  exists. 

Notation.  Given  X^  and  Xg,  let  SubQ(X1,  Xg)  =  X^  and,  by  induction, 

k 

Subk+i(Xi,  Xg)  =  Subf  U  (X  Xg),  X  ]  for  each  teO.  I*t  SubjX^  X  )  = 

i-o 

00 

i=o  Subi^£r  Z2)‘ 

Again,  Sub^X^  Xg)  c  Sub^^CX^,  Xg)  for  k£l.  If  Xg  contains  (a)  for 
some  a  in  Z,  then  SubQ(X^,  Xg)  =  X^c  Sub^X^,  Xg). 

Lemma  4.2.  The  family  Subro(X^,  Xg)  is  the  closure  of  X^  under  substitution  in 


Proof.  Let  X  be  the  closure  of  X^  under  substitution  in  Xg.  As  in  the  proof 
of  Lemma  4.1,  it  is  easily  seen  that  Sub^(X^,  Xg)  c  X  for  each  k£0.  Hence 

Sub JZV  Xg)  =  X.  To  see  the  reverse  containment,  we  have 

00 

SubtSubJX^  Xg),  Xg]  -  Sub[U  Sub^Xp  Xg),  Xg]. 

00 

Let  L.  be  in  X  and  t  a  substitution  of  L_  by  languages  of  U  Sub.  (X  ,  X  ). 

°m  k  1 

Since  ZT  is  finite,  there  exists  ra^O  such  that  T(a)  is  in  U  Sub.  (X  ,  X  ) 

bg  Q  k  1  2 

m 

for  each  a  in  £  .  Therefore  r(L  )  is  in  Sub[U  Sub.  (X  ,  X  ),  X  ]  = 

^  ^  q  K.  X  2  2 

Subm+i(Xi,  Xg)  c  SubjX^  Xg).  Ihus 
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Sub[3ub0O(X1,  X2),  X2]  =  Suboo(X1,  X2), 
so  that  X  c  Suboo(X^,  X2). 

Definition.  A  family  X  is  substitution  closed  if  Sub(X,X)  c  X.  The  • 

substitution  closure  of  X  is  the  smallest  substitution  closed  family  X^ 
containing  X. 

Clearly  Xm  exists. 

Theorem  4.1.  (a)  For  each  family  X,  X^  =  Sub£D(X,X). 

(b)  If  X  is  a  symmetric  family  such  that  X  c  Sub(X,X),  then  X^®  Sub^CX^). 

Proof,  (a)  Since  X^  is  substitution  closed  and  contains  X,  it  is  closed 
under  substitution  in  X.  By  Lemma  4.2,  Suboo(X,X)  s  X^. 

To  complete  the  proof  of  (a),  it  suffices  to  show  that  Sub^XjX)  is  ( 

substitution  closed.  [For  this  will  imply  that  X^  c  Suboo(X,X).]  Since  t 

Subro(X,X)  is  the  closure  of  X  under  substitution  in  X, 

SubtSubJXjX),  Subo(X,X)]  =  Cub[  Subra(X,X),  X]  c  Sub^  (X,X). 

Continuing  by  induction,  assume  r>0  and  that  Sub[  Subro(X,X),  Sub.(X,X)]  c  sub  (X,X) 

,  n-l  ”  3 

for  all  0  £  j  <  n.  Then  for  X  =  U  Sub,(X,X), 

J=o  J 

/  n-1 

Sub[Suboo(X,X),  X  ]  =  U  Sub[  Sub^XjX),  Sub  (I,X)] 

j=o  J 

=  Suboo(X,X) . 

Furthermore,  Subn(X,X)  =  Sub(X/,X).  Thus 

Sub[Subm(X,X),  Sub  (X,X)]  =  Sub[  Subm(X,X),  Sub(X',X)] 

=  Sub(Sub[Subco(X,X),X'],  X), 

by  (a)  of  Proposition  1.1,  1 

~  Sub[  Subm(X,X),  X] 

=  Subro(X,X). 
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Hence  the  induction  is  extended.  Therefore 

1  Sub[Subro(X,X),  Subk(X,£)]c  Subm(X,X) 

0  for  all  k^O,  so  that 

SubtSubJX,!),  Subro(X,X)]  -  5  SubfSubJX,!),  Sub .(£,£)] 

k=o 

=  Sub J£,£). 

(b)  Since  X^  is  substitution  closed  and  contains  X,  it  is  closed  under 
X  substitution.  By  Lemma  4.1,  Sub  (X,X)  c 

To  complete  the  proof  of  (b),  it  suffices  to  show  that  9ub°°(X,X)  is 
substitution  closed.  By  hypothesis,  Sub°(X,X)  =  X  c  Sub1(X,X).  Thus 

Subk(X,X)  c  Subk+1(£,l)  for  all  leO.  Hence  Subk+1(£,X)  =  Sub[X,  Subk(X,X)j 

*  k+1 

for  all  teO-  Obviously  Sub  (X,X)  is  symmetric  for  all  teO.  By  Lemma  4.1, 

>  Sub[X,  Sub°°(X,X)]  =  Sub[Sub°(X,X),  Sub°°(X,X)] 

c  3ub°°(X,X) . 

Continuing  by  induction,  assume  that 

Sub[Subk(X,X),  Sub”(X,X)]  c  Sub°°(X,X) 
for  0  £  k  <  n,  n>l.  Then 

Sub[3ubn(£,X),  Sub°°(X,X)  ]  =  Sub[Sub(X,  Subn_1(X,X) ),  Siib^X,!)  ] 

*  Sub[X,  Sub(Subn  1(X,X),  Sub°°(X,X))], 
by  Proposition  1.1, 

=  Sub[X,  Sub°°(X,X) ] 

=  Sub°°(X,X) . 

Therefore  the  induction  is  extended,  so  that 
Sub[Subk(X,X),  Sub°°(X,X)  ]  c  Sub°°(X,X). 

Now  let  L  be  in  Sub  (X,X)  and  t  a  substitution  on  by  languages  in 


1 
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co  «  n  1 

Sub°°(X,X)  =  U  Sub  (£,£).  There  exists  msO  such  that  T(a)  is  in  U  Subk(X,X)  = 
k=o  k=o 

Subm(X,£)  for  each  a  in  2^.  Thus  t(l)  is  in  Sub[  Subm(X,X),  Sub  (£,£)].  Hence 

Sub[Subm(£,£),  SubJ(C,X)]=  U  Sub[  Subk(X,  X),  Sub^X,!)] 

k=o 

-  3ub“(£,£), 

completing  the  proof. 

We  do  not  know  to  what  extent  the  hypotheses  in  the  theorems  of  Section  4 

can  be  weakened.  In  particular,  we  do  not  know  if  the  hypotheses  of  Theorem  4.1 

can  be  weakened.  In  general,  (b)  of  Theorem  4.1  is  not  valid  without  some 

00 

hypotheses  on  X,  l.e.,  Sub  (£,X)  is  not  always  substitution  closed.  For  example, 

let  X  =  {(ab)/a,b  in  b) .  Then  SubC°(X,X)  consists  of  all  words  of  length  2n  for 

.  6 

all  uil.  However,  the  substitution  closure  of  X  contains  la  J  for  each  a  in  L. 

The  rest  of  this  section  is  concerned  with  relations  between  the  various 
substitution  closures  and  AFL. 

Theorem  4.2.  If  X^  and  X^  are  AFL,  then  so  are  Sub  (£^,  X^) 

and  f/ubJX^  X^).  If,  in  addition,  X][  is  full,  then  so  are  Sub“(X]L,  Xg)  and  Suboo(X1,  X^ 
Proof.  Since  X^  contains  (a)  for  each  a  in  £,  Sub^(X^,  X^)  = 

Sub(X1#  Subk"1(X1,  X2)).  Similarly,  Sub^X^  Xg)  =  SubtSub^X^  Xg),  £g). 

By  Theorem  2.1  and  induction.  Sub  (X^,  X^)  and  Sub^X^,  X^)  are  AFL  for  all 
k  (and  are  full  if  X^  is  full,  by  Corollary  1  of  Theorem  2.1).  Therefore 
Sub  (£j,  X  )  and  Subm(£,,  Xg)  are  AFL  (and  full  if  X^  is  full). 

From  Theorems  4.1  and  4.2  we  get 

Corollary.  For  each  (full)  AFL  X,  X^  =  Sub°°(X,X)  =  Subco(X,X)  and  is  a  (full)  AFL. 
Remarks,  (l)  For  AFL  X1  ar.d  X^,  Sub^X^  Xg)  and  Sub^(X1,  X^)  axe  not  necessarily 
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the  same.  For  let  X^  =  Rq  and  be  the  family  of  context-free  languages. 

*  Thus  Sub a(Zv  X2)  =  X2,  Subea(X1,  X2)  -  X^  and  Xg. 

♦  (2)  For  well-known  ^FL  there  arise  the  general  problems  of  1  tifying" 

Sub°°(X1,  X2)  and  SubJI^  X2). 

Theorem  h. 3.  Let  X  be  an  e-free  (or  arbitrary)  symmetric  family  of  languages 
containing  Rq  and  such  that  either  Sub(RQ,  X)  c  X  or  Sub(X,  Rq)  c  X.  Then 
AFL(XJ  =  [AFUXjJ^tor  AFLf(Xj  =  [  AFLf(X)  )J . 

Proof.  We  shall  prove  the  theorem  fo  *  the  e  -free  case,  an  analogous  argument 
holding  for  the  arbitrary  X  case. 

Note  that  since  RqC  X  and  RqC  AFL(X),  X  C  Sub(X,X)  and  AFL(X)=  Sub[AFL(X), AFL(X)]. 
^  Hence,  for  each  n>  0  , 

,  (*)  Subn(X,X)  =  Sub[Subn_1(X,X),  X] 

and  (**)  Subn[AFL(X),  AFL(X)  ]  =  Sub(  Sub^-J  AFL(X),  AFL(X)  ],  AFL(X)). 

We  first  show  that  for  each  n^O,  AFL[  Subn(X,X)  ]  =  Subn[AFL(X),  AFL(x)]. 

For  n  =  0,  AFL[  Subn(X,X)  ]  =  AFL(X)  =  Sub^t  AFL(X),  AFL(X)].  Continuing  by 
induction,  suppose  n>0  and  that  AFL[  Subn  ^(X,X)]=  Subn  ^[AFL(X),  AFL(X)]. 

Then 

AFL[  Sub  (X,X)  ]  =  AFL(  Sub  [  Sub  .(X,X),  X]),  by  (*), 

n  n‘1  (17) 

=  Sub(AFL[Subn_1(X,X)  ],  AFL(X)],  by  Theorem  3.1, 

=  Sub(Subn_1[AFL(X),  AFL(X)  ],  AFL(X) ),  by  induction, 

=  Subn[AFL(X),  AFL(X)  ],  by  (**), 
extending  the  induction. 

/  171 

v  ''Since  X  is  symmetric,  Sub  ^(X,X)  is  symmetric.  If  Sub(RQ,  X)  c  X,  then 
the  hypotheses  of  Theorem  3-1  are  obviously  satisfied.  Suppose  5ub(X,  R  )  c  X. 

A  simple  induction,  using  Proposition  1.1,  shows  that  Sub[  Subk(X,X),  RQ]  c 
Subk(X,x)  for  each  k20.  Thus,  in  this  case  also,  the  hypotheses  of  Theorem  3.1 
are  satisfied. 
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To  complete  the  proof,  we  see  that  AFI^X^)  =  AFL[  Sub^XjX)  ]  = 

AFL[U  Sub  (£,X)]  =  U  AFL[  Sub  (£,£]  =  U  Sub  [AFL(X),  AFL(£ )  ]  =  [  AFL(x)  ]  . 
Corollary.  If  X  is  a  substitution  closed  AFL,  then  the  full  AFL  generated  by 
£  is  also  substitution  closed. 

Proof.  By  Theorem  4.3,  [AFL^(X)]m  =  AFL^,(Xro).  Since  X  is  substitution  closed, 
X^  =  X.  Hence  [AFL^(X)]^  =  AFLf(£),  so  that  AFL^,(X)is  substitution  closed. 

Our  final  theorem  provides  a  criterion  for  X  to  be  an  AFL  even  if  X 

CO 

is  not. 

Theorem  4.4.  (a)  Let  X  be  a  family  of  languages  containing  E*  for  every  finite 

E^  c  E  and  such  that  Sub(7o,  X)  c  X.  ihen  £m  is  an  AIL  if  and  only  if 

Horn  (XAR)  =  X  . 

7  00 

(b)  Let  X  be  a  family  of  languages  containing  for  every  finite 

E1  c  E  and  such  that  Sub(?o,  X)  c  X.  Ihen  X^  is  a  full  AFL  if  and  only  If 
Hom(£Aft)  c  or  equivalently,  if  and  only  if  £AR  c  Zm. 

Proof,  (a)  Suppose  X  is  an  AFL.  Ihen  Horn  (X  A  R)  c  £  .  Since  X  £  X  , 

Horn  (XA  R)  c  Hon  (X  A  R)  c  X  . 

27'  7  p'  co  7  00 

To  prove  the  sufficiency,  assume  Horn  (XAR)  s  X  .  Let  L  be  in  R  . 

r  ®  o 

Then  E^  is  in  X,  so  that  L  =  E^flL  c  Homr(£A  r)  s  X^.  Thus  Rq  c  Xr.  Since 
X  is  substitution  closed, 

Sub(Ro,  Xj  c  Sub(Xro,  Xm)=  Zm 

and 

SubCX^,  Ro)  c  Sub(Xeo,  XJ  C  XB. 

Thus,  to  show  that  X^  is  an  AFL,  it  suffices  to  verify  that 
I  A  R  =  X  and  Hon  (£)  c  X  .  Since  (XA  R)  U  Horn  (Xj  c  Horn  (X  A  r),  it 

00  oo  27  00  co  'cd  '  27'  co7  27'  oo 
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suffices  to  show  that  Horn  (X  A  ft)  c  X  . 

J*'  CD  7  CD 

We  first  show  that  Horn  [Sub  (X,X)  A  ft]  £  X  for  each  n^O.  For  n  =  0, 

t  n'  7  7  co 

Horn  [Sub  (X,X)A  ft]  =  Horn  (X  Aft)  £  X  ,  by  hypothesis.  Assume  n>0  and 
r  n  r  ®  a-1 

Horn  [Sub. (X,X)  A  ft]  £  X^  for  all  J,  0  *  J  <  n.  Let  X'  =  U  Sub  (X,X)  Then 
J  J=o  J 

Horn  (X'a  R)  £  X  and,  by  definition,  Sub  (X,X)  =  Sub(X',X).  Therefore 
r  co  n 

Homr[Subn(X,I)  A  ft]  =  Homr[  Sub(X ',X )  A  ft] 

C  Hon^CSubf  (X  ^Aft  ),  Sub(^Q,  X)  A  ft]),  by  Lemma  2.1, 
c  Homr(Sub[  (X  7A  ft),  XA  ft]),  since  Sub(I?o,  X)  £  X, 

£  Sub[Homt(X/A  ft  A  ft),  Homr(Sub(yQ,  X  A  ft))],  by  Lemma  2, 
C  Sub[X  ,  Horn  ( Sub(y  ,  X  A  ft))], 
since  ft  A  R  =  R  and  Horn  (X'a  ft)  s  I  . 

p  '  OO 

Now 

Homr[Sub(?o,  X  Aft)]  =  Homr[Sub(7QA  R,  X  AR)],  since  5  A*  15  ?Q, 

s  HomrHcmr[  Sub(7Q,  Sub(7Q,  X))  A  R  ],  by  Lemma  3.1, 

=  Homr[Sub(7Q,  z)  A  ft],  since  Sub(?Q,  X)  C  X 

and  Horn  Horn  =  Horn  , 
r  r  r* 

£  Homr(X  Ar) 

C  X  . 

00 

Therefore 

Homr[Subn(X,X)  Aft]s  SubfX^,  Xj 

£  X  , 

00  7 

so  that  the  induction  is  extended. 

To  complete  the  proof,  we  have 
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CO 

Hom^X^A  ft)  =  Honr([  jlJoSubj(£,X)A  ft  ]f  by  Theorem  4.1, 

CO 

=  Horn  (  XI  [  Sub  .(X,X )  Aft]) 
rvJ-o  j 

c  r 

~ r rx# 

CO 

(b)  It  suffices  to  show  that  "only  if."  Thus  assume  either 
Hom(XAft)  s  Xm  or  XAR  c  X^.  Clearly  ft  c  X^.  Thus  X^  is  closed  under  arbitrary 


homomorphism  since  it  is  closed  under  substitution.  Hence  Hom(XAR)c  X  if 
XAft  S  X^.  (Obviously,  X  AR  c  X^  if  Hom(XAft)  £  X^. )  By  (a),  X_  is  an  AFL. 
Since  X^  is  closed  under  arbitrary  homomorphism,  it  is  a  full  AFL. 

The  above  theorem  gives  another  proof  of  the  following  result  [6], 
Corollary.  The  family  of  derivation-bounded  languages  is  a  full  AFL. 

Proof.  It  is  known  [6]  that  the  fami.y  of  derivation-bounded  languages  is  the 
substitution  closure  of  X^^,  the  family  of  linear  context-free  languages. 
Since  Xlin  contains  R  and  is  closed  under  intersection  with  regular  sets,  and 
Sub(7o,  X^n)  -  Xlin,  the  substitution  closure  of  X  is  a  full  AFL  by 

Theorem  4.4. 


T 


( 

< 
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13  ABSTRACT 


The  effect  of  substitution  in  families  of  languages,  especially  AFL,  is 
considered.  Among  the  main  results  shown  are  the  following:  The  Substitution  of 
one  AFL  into  another  is  an  AFL.  Under  suitable  hypotheses,  the  AFL  generated 
by  the  family  obtained  from  the  substitution  of  one  family  into  another,  is  the 
family  obtained  from  the  substitution  of  the  corresponding  AFL.  A  condition  is 
given  for  the  AFL  generated  by  the  substitution  closure  of  a  family  to  be  the 
substitution  closure  of  the  AFL  generated  by  the  family. 
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